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Instructions :

1. Answer all questions.
2. Write your answers according to the instructions given below with the questions.
3. Begin each section on a new page.

ISECTION - A

e Given below are 1 to 15 multiple choice questions. Each carries one mark. Write the serial
number (a or b or ¢ or d) in your answer book of the alternative which you feel is the
correct answer of the question.

1. If the co-ordinates of a point (6, -1) changes to (8, -4), then write the co-ordinates of
the point where the origin is shifted.
(a) (2, -3) (b) (-3, 2) (e) (3, -2) (d) (-2, 3)
Solution: (x, y)=(6, -1) are the coordinates of the point before shifting of the origin.
(x’, y)=(8, =4) are the coordinates of the point after shifting of the origin.
(h, k) are the coordinates where the origin is shifted.

=>h=x-x=6-8=-2 and k=y-y =-1-(-4)= 3.

2. Write the measure of the angle between the lines x+y=0 and y = [TT]

4 4 4
(a) — (b) — (¢) = (d) 0
4 3 2
Solution : Slope of the line x + y = 0is m = -1. y = [®n] is a horizontal line. Angle
¥
between the horizontal line and the line of slope m is tan! Iml =tan - 11 = Z

3. How many tangents to the circle x2 + y2 = 29 pass through the point (5, 2)?
(a) O (b) 1 (c) 2 (d) none of these

Solution : The point (5, 2) satisfies the equation of the circle and hence lies on the circle.
Only one tangent can be drawn at a point on the circle.

4. The standard equation of the parabola having vertex at the origin, passing through (-1, 1)
and symmetric about Y - axis is

2 2 2 2
(a) y" =-x (b) x* =y (c) y =x (d) x* = -y
Solution : The standard equation of the parabola having vertex at the origin, and symmetric

about Y - axis is x> = ky. If it passes through the point ( -1, 1),
(-1 )2 = k(1) => k =1 =>the required equation of the parabola is x2 = y.
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x2 y2
5. Write the equation of the auxiliary circle of 2 - 9 =1
(a) X +y*=-5 (b)) x*+y'=5 (c)xX+y'=4 (d)xX+y' =09
2 2
X y© .. .2 2 _
2 b—z— Is X +y

The equation of the auxiliary circle of the hyperbola — -
a

4 => the equation of the auxiliary circle of the given hyperbola is x~ + y2 = 4,

Solution :
az. Here, a2 =
cos0 sina, sin0 |

6. Obtain | cos0 cosa,
(d) none of these

(c) 1

(a) -1 (b) O
20( + coszesinza + sin29

1.

Solution : |1cos6 cosa, cos0 sina, sinf| = \/coszecos
= \/cosze(cosza + sinza) + sin%@ = \/cosze + sinZ@

7. Find the resultant force of (1, 2, =1) and (1, =2, 1)
(a) (2,0,0) (b) (-1, 4, 2) (c) (2, 4, 2) (d) (-2, 0,0)
Solution : The resultant of (x, y, z) = (1, 2, =1) and (X, y, 2’) = (1, -2, 1) is
(x+x’, y+y, z+2') = (1+1,2-2, -1+1) = (2,0, 0).
= 0.

8. Find the centre of the sphere X2 + y2 +2% - 2x - 4y - 6z - 11
(d) (1,2 -3)

(a) (-1, -2, -3) (b) (3,2, 1) (c) (1,2 3)
Solution : Comparing the given equation of the sphere x“ + y2 +2% - 2x - 4 -6z - 11 =0
with the general equation of the sphere x2 + y2 +2° + 2ux + 2vy + 2wz + ¢ = 0,
the centre of the sphere is (=u, =v, =w) = (1, 2, 3).
3x _
9. Find tim &1
x—0 X
1 e 3
(a) 3 (b) 3 (c) log e (d) log e
3x _ 3x _
lim 1 - 3 0im &1
x>0 3x

Solution :
x—>0 X

10. Find -3 (sin?)
dx
(b)coszx (c) cos2x (d) sin2x

(a) =-sin2x
= sin 2x.

Solution : d (sin?x) = 2 sinx. d—(sinx) = 2 sinx cosx
X
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11. Find ¢, of Mean - value theorem for f(x) = logx, x € [1, e]

1
e -1

(a) e =1 (b) 1-e (c)1-g (d)

Solution : f(x) = logx => f*(x) = 1. By Mean - value theorem, f‘(c) = f(ee) : :(1)
X -
_ loge - log1

e -1

=> = c=e - 1.

0=

12. Evaluate Isinz (2x + 3) dx

(a) %-%sin(4x+6)+c (b) §+%sin(4x+6)+c
(c) % -%sin(2x+3)+c (d) none of these
Solution :
j'sinz(zx +3)dx = 1J'2sin2 (2x + 3)dx = + J'[1 _ cos (ax + 6)Jdx = X - Lsin(ax + 6) + c.
2 2 2 38
K3
2
13. Obtain J. cosx dx
T
2
(a) -2 (b) 2 (c) O (d) 1
@ @
2 2
Solution : j‘ cosxdx = 2 I cosxdx (. cosx is an even function)
LW 0
2
= 2sinx (x=0 to ®/2) = 2.
) . . _d?y dy )’
14. Write the degree of the differential equation —— + [—| + xy = 0.
(a) 3 (b) 2 (c) 1 (d) none of these
Solution : If the differential equation is written in the form of a polynomial in derivatives,

then the degree of the highest order derivative is called degree of the
differential equation. By this definition of the degree of the differential equation,
the degree of the given equation is 1.

15. A particle moves on a line and its distance from a fixed point at time t is x where
X = 4t2 + 2t, then at t = 2, find the acceleration.

(a) 2 (b) 4 (c) 6 (d) 8
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dx

Solution : Velocity, v = = 8t + 2 and acceleration, a = ?i_\t, = 8.

| SECTION B |

o Answer the following 16 to 30 questions. Each question carries one mark.
15

16. Find the circumcentre of a triangle having vertices (0, 0), (3, 0) and (0, 4).

Solution: Answer: (3/2, 2).

Let A(0, 0), B(3, 0) and C (0, 4) be the given vertices. Here, AB + AC? = BC? => A ABC
is a right triangle. Hence, its circumcentre is the mid - point of the hypotenuse, BC which is

[(3+0)/2 (0+4)/2] = (3/2, 2).

17. Find the length of the tangent from (6, -5) to x> + y? = 49.

Solution: Answer: 2 \/3.

Length of the tangent from (a, b) to the circle X2 + y2 = is v aZ + b2 - r2

=> |length of the tangent from (6, -5) to X2 + y2 = 49 is \/(6)2 + (-5)2 -49 =23,

OR

If 12x + 5y + 16 = 0 and 12x + 5y - 10 = 0 are tangents of a circle, find the radius of
the circle.

Solution: Answer : radius = 1.

As the given two lines have the same slope =-12/5, they are parallel. Hence, radius of the
circle is half the perpendicular distance between the tangents

= (12)116 + 101/ (12)2 + (5)% = 1.

18. If x + y + k = 0 is a line containing the focal chord of the parabola y2 = 16x, then find
the value of k.

Solution: Answer: k = -4,
The focus of the parabola y2 = 16x is (4, 0). As the focal chord passes through the focus,
4 +0+k=0=>k=-4

2 y2

19. Find the measure of eccentric angle of the point (2\/7, 2) on the ellipse )1(_6 + e 1.
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Solution: Answer: %.

2 2
Comparing the given ellipse :— + y? =1 with the standard equation of the ellipse
x2 y2 2 2
Z+I_-1,a"=16andb*°=8.=>a=4andb=22.
a2 b2

The parametric point of the ellipse, (acos 6, bsin8) = (4 cos 9, 2 J2sino )-

Comparing this with the given point, (Zﬁ, 2), 4cos0O = 2J2 and 2/2sin0 = 2.

=> cos® =1/+/2 and sin® = 1/ /2 => eccentric angle 0 = %

20. Find the direction cosines of | + j + k

. . . . . 1 1 1
Solution: Answer: Direction cosines of the given vector are —, —, —.
SOEEen g 7373 73

i+j+k =(1,1, 1) Magnitude of i + j+k = v12 + 12 + 12 = /3

=> unit vector in the direction of the given vector is % (1, 1, 1)

=> direction cosines of the given vector are 1 1 1

21. If a = (1, -1) and b = (1, 0), find cos a A b .

Solution: Answer: i.
- J2
cosa-l"l;= EE _ (1, -1) . (1, 0) _ 1.
allp]  J2a2 20 V2
22. Find c, if the lines )(-1=er2=2-3 and x-5=y-3=z+1 have the same
c -2 4 1 1 c

direction.
Solution: Answer: -2.

The directions of the given lines are (¢, -2, 4) and (1, 1, c).

If they are the same, then % = Tz = % =>Cc=-2.

23. Find the x -intercept of 2x - 3y + 6z = 12.
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Solution : Answer : x - intercept = 6.

To find the x -intercept, putting y = z = 0 in the given equation, 2x = 12 => x =
X
24. Obtain a3 OR Obtain i(5cosec'1 x).
dx | 53 dx

X
3% (xlog3 -3) OR

-5
x4 |x|x/x2-1

Solution: Answer:

3d ox,_.xd '3
d {3X] ) X 5(3 )-3 dx(x ) _ x3.3%log3 - 3%.(3x2) _ 3% (xlog3 - 3)

(X3 )2 x5 x4

OR di(S cosec™! x) =5 i(cosec'1 x)
X

_ -5
dx |x[Vx% -1

+ xlogx

25. Obtain j ex[1 5 }dx OR Obtain Icos(logx)dx.

Solution: Answer: e*.logx + ¢ OR %[cos(logx) + sin(logx)] + c.

Iex [M} dx = j{l + Iogx} eX dx = J' [Iogx + i(Iogx)} eXdx = e*.logx + c.
X X dx

For Icos(logx)dx, let logx=1t => x = el and dx = e'dt. .. Icos(logx)dx = J- etcost dt
= %(cost + sint) +c= %[cos(logx) + sin(logx)] + c.
26. Obtain the area of the region bounded by y = x, X -axis, x=0 and x = 3.

Solution: Answer: %.

3 2
Required area = I x dx = {XT] [x=0 to x=3] = %
0

1
27. Find the value of j.sin3x cos4x dx .
-1

Solution: Answer: 0.

6

6.
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If f(x) = sin3xcos4x, then f(-x) = sin3(-x)cos4(-x) = - sin’x cos*x = -f(x).
a
Thus, f(x) = sin’x cos*x is an odd function and I f(x)=0,if f(x) is an odd function.

-a

1
Isin?’x cos4x dx = 0.
-1

28. Obtain the differential equation of the family of curves y = asin(x+b)
(a and b are arbitrary constants ).

2

Solution : Answer : d—;’+ y = 0.
dx
2 2
y = asin(x + b) => ﬂ=acos(x+b) => u=-asin(x+b) = -y => u+y=0.
dx dx 2 dx2

29. A ball is projected vertically upwards with speed 19.6 m/s. Find its maximum height.
Solution: Answer: 19.6 m.

Maximum height, H = u?/2g = (19.6)?/2x9.8 = 19.6 m.

30. fFx=2-3t + 4t3, then find the acceleration after 2 seconds.

Solution: Answer: 48 m/s>.

X =2 -3t + 4t3 => velocity, v = dx/dt = -3 + 12t2 => acceleration, a = dv/dt = 24t
At t = 2 sec., acceleration, a = 24 x2 = 48 m/sz.

| SECTION C |

e Answer the following 31 to 40 questions as directed. Each question carries
two marks. 20

31. Find the equations of the lines through (2, 3) and making an angle of measure 2n

with the Y - axis.

Solution: Answer: /3y -3/3 =% (x-2).

If the lines make an angle of measure 277[ with the Y - axis, they make angles of measure

* 2l LI * E. The slopes of these lines are * tan T = * L The equations of
3 2 6 6 J3
lines passing through (2, 3) having these slopes are y - 3 = % % (x = 2).
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L d L d L d >
32. A quadrilateral ABCD is inscribed in a parabola. The sides AB, BC, CD and DA, make

angles of measure 04, 02, 83 and 04 with the axis of the parabola respectively. Prove
that cotf4 + cotB3 = cotBy + cotfy,.

Solution :
A(at12, 2at4 ), B(at22, 2aty ), C(at32, 2at3 ), and D(at42, 2at4 ) are any four parametric points
© 2atq - 2at t t
on parabola y2 = 4ax. Slope of AB = tan 61 = L 2 = 2 => cot 01 = u.
at12 - at22 t1 + t2 2
to + t t3 + t t t
Similarly, it can shown that cot 9, = %, cot03 = 2" 4 and cotf, = %_ =

t1 + to +1:3+|:4 _ o +t3 +1:4+1:1

= cotBy + cot@,.- Proved.
2 2 2

cot@q + cotlz =

33. If the length of the latus - rectum is 4 and distance between the foci is 4\/7, then find
the standard equation of the ellipse.

Solution: Answer: x> + 2y® = 16

x2 y? 2b2
For the ellipse — + = 1, length of latus - rectum = - distance between foci = 2ae
a b
and b2 = a2(1-e2) if a > b.
2b2 2 2 2 2 2
=>T=4,i.e.,b=2aand2ae=4\/7,i.e.,4ae=320rae=8

Putting these values of b? and a’e? in b2 = a2(1 - e2) =>2a=a’ -8
=>a’ -2a-8=0= (a=-4)(a+2)=0=>a=4 /(" acannot be negative)

2 2
. a’=16 and b® = 2a = 8 => equation of the ellipse is )‘:_6 + yT =1 or x> + 2y2 = 16.
OR
If the difference between the measures of the eccentric angles of points P and Q of
x2 y2 1 Ay
the ellipse 5t 5 =1 is 2 and if PQ cuts intercepts ¢ and d on the axes, then
a b
2 2
prove that a_2 + b—2 = 2.
c d

Solution : Let P = (acos 9, bsind). Then Q can be taken [acos (6 + 7/2), bsin(0 + 72)],

L d
i.e, Q = (-asinBd, bcos0O). As the line PQ cuts intercepts ¢ and d on the axes, its

equation is X + % = 1. Putting the co - ordinates of P and Q in this equation of the line, we
c

acos0 b sin® asin® b cos 6
+ = + =

have 1 ... (1) and - 1 ... (2). Squarring and adding
c d c d
a2 b2
equations (1) and (2), we get ot o= 2. -Proved.
c d
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2 2

34. If aline Ix + my + n = 0 is tangent to the hyperbola X—2 - y—z — 1, then show that

a b
a?? - b’m? = n?,
Solution :
The equation of tangent at the parametric point (asec 6, btan0) to the hyperbola
2 2

X Y _1is xlsecilppvitantd =1, i.e., (bsec8)x - (atanB)y - ab = 0.

Comparing this with the given equation, Ix + my + n = 0,

bSTce _ -atan@ = -ab _ L ecB = 2. andltane = 2 Using the identity,

m n n
sec’0 - tan’0 = 1, we get , i.e, a’? - b?m? = n? - Proved.
OR

If S and S’ are the foci of a rectangular hyperbola with its centre C (0, 0), then prove
that for any point P on the rectangular hyperbola
SP.S'P = CP%

Solution :

For the rectangular hyperbola, X2 - y2 = a2, foci are S(ﬁa, 0) and S’ (- ﬁa, 0) and any
point P=(asec6, atan6). Let M = foot of perpendicular from P on the directrix of the
rectangular hyperbola, x = -ald2.=> M= (-alﬁ, atan9)

SP? = ¢2.PM? = 2 (asecO - a/V2)? and S'P* = 2(asech + aly2)?

=>SP? . 5'P? = 4 (a’sec? 9 - a%/2)?

=> SP.SP’ = 2a’sec’0 - a2 = a’sec’0 + a’tan’0 = CP. - Proved.

35. Prove that: [x+y y+z z+x]=2[xy z].

Solution: LHS =[x +y y+2z z+x] =(x+Vy).[(y+2z) x (z+x)]
=(x+y).[(yxz)+(yxx)+(zxz)+ (zxx)]
=(x+y).[(yxz)+(yxx)+(zxx)] [ zxz=0]
= X.(yxz) + y.(yxz) + X.(yxx) + y.(yxx) + X.(zxX) + y.(zxX)
= x.(yxz) +0+0+0+0+y.(zxx) = 2[x y z] = RHS - Proved.

36. Find a unit vector in R® making an angle of measure % with each of the vectors
(1, =1, 0) and (0, 1, 1).

Solution: Answer: i, 0, A .

- J2' U 2

Let a = (x, y, z) be a unit vector in R making an angle of measure g with each of the

vectors, b = (1, =1, 0) and c = (0, 1, 1).
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=> _a b_ = _a.E_ = cos(£)=1 and ‘5‘=1
[al[B] [a]]e] 2z
= (x, y,.2).(1,-1,0) _(xy,2).(0, 1,1 1 = X-y_y+z_1
1.412 + (-1)2 1.412 + (1)2 2 V2 J2 2
=>x=y+%,z=é-yandx2+y2+zz=1

12 2 1 2 2 1 1
= |y+ —| +y“+| —-y| =1 = 3y =0=y=0,x=— and z= —
[ ﬁ] [ﬁ ] J2 2

=> required unit vector is A 0 A
ﬁ’ ’ \/7 -

37. Find the centre and radius of the sphere Iri? - F.(G, 12, 14) + 30 = 0.
Also express this equation in the Cartesian form.

Solution: Answer: Centre (3, 6, 7), radius = 8 and Cartesian equation of
the sphere x*+y?+2?-6x-12y-14z + 30 = 0.

Putting r= (x, y, z), the Cartesian equation of the sphere is x2 + y2 +2° - 6x - 12y - 14z + 30 = 0.
Comparing this with the Cartesian equation of the sphere x2 +y2 +2° +2ux + 2vy +2wz +c =0,
Centre of the sphere = (-u, =v, =w) = (3, 6, 7)

and radius = x/u2+v2+w2-c = \/32+62+72-30 = 8.

38. If x = a(cosO + Osin6) and y = a(sind - 6 cosd ), then find y,.

sec36
ab

Solution: Answer:

X = a(cosb + 0sin6) and y = a(sind - 6 cosd)

=> :—)9( = a(-sin® +sin@ + 6cosB) = aBcosd and :—z = a(cosO - cosO + Bsin@) = absind
= dy _ dy +d_x= a@sing _ tane .

dx do d0 aBcosO

2 3
=> u=i(d—y]=i[ﬂ].£=i(tan9).;= sec?0. 1 = 9.

dx2  dx\ dx dé\ dx) dx do afcosb a0 cosb a0

39. Find c, applying Mean - value theorem to f(x) = cos™ x, xe[-1, 0]

Solution: Answer: - /1-12 OR 32, 32.
T
1

For f(x) =cos'1x, f‘(x) = T According to MV Theorem, f‘(c) =
1-x

£(-1) - £(0)
-1-0
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-1 -1
= . 1 _cos  (-1) - cos (0)=> ;=n-£=£=>1-c2=3
2 2 T

1-¢2 -1 1-¢2

=>c=- 1-i (because xe [-1, 0]).
2

OR
Divide 64 into two parts such that the sum of their cubes is minimum.
Solution :

Dividing 64 into two parts, x and 64 - x, we have to minimize x° + (64 - x)°

Let f(x) = x> + (64 - x)% = (3x64)x* - (3x64%)x + (64)°

For f(x) to be minimum, f‘(x) = 0 and f“(x) > 0

f‘(x)=0=>(6x64)x = (3x642) =0 =>x=32. Also f“(x) = 6x64 > 0.

=> 64 should be divided into 32 and 32 so that the sum of their cubes is minimum.

40. Obtain J' :dxz OR Obtain J"°gx—'21dx.
(1+x°)(x“-2) (logx)
i 1 x2 .2 X
Solution: Answer : [—) log + C +cC.
- 6 x% +1 log x

x dx 2 x dx 1 dt
F , let =t => 2xdx=dt = = | =2
* I(1+x2)(x2-2) =X T aeEa = I(1+x2)(x2-2) [2”<t+1)(t-2)
. 1 __A _ B
(t+1)(t-2) t+1 t-2

=>1=A(t-2)+B(t+1)

t==-1=>A-= -1andt 2=>B= %

j‘ x dx =(1jj (1]“‘ dt _J-dt }
(1+x2) (x2 - 2) 2 (t+1)(t-2) 6 t-2 t+1
(3] o (1)
6 t+1 6

For I%dx’ let logx =t => x = et => dx = e dt
(logx)

_ _ t
> [logx -1y, j(‘21]etdt - I[1+i(1ﬂet gt = & roo X Lo

-2

x+1

+ C
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| SECTION D |

e Answer the following 41 to 50 questions as directed. Each question carries
3 marks. 30

>
41. If Ais (1, -2) and B is (=7, 1), find a point P on AB such that 3 AP = 5 AB.

Solution: Answer: (?7) (% 3].

3AP = 5AB => % =§ => A divides PB in the ratio 5 : 3 or 5 : -3 from P.

Let P = (a, b)

=> for external division 5:3, 1 = 3a+—5(-7) => a = £ and -2 = 3b+—5(1) =>b = -7.
3+5 3 3+5
and for internal division, 5:-3, 1 = w => a=- % and -2 = w = 3.

42. Show that the circles x> + y*> + 6x + 2y - 90 = 0 and x> + y> - 34x - 28y + 260 = 0

touch each other externally. Also find the equation of a line that contains the diameters
of both the circles.

Solution: Answer: 3x -4y + 5 =0

For the circle, x* +y? +6x+2y-90=0, centreis C=(-3, -1) and radius r=+ 32 +12 +90 =10
For circle, x2 +y? - 34x - 28y + 260 = 0, centre is C’ = (17, 14 ) and radius r’ = 172 +142 - 260 =15

If the circles touch each other externally, r + r’ = CC’. Here, CC’ = \/(17+3)2 +(14+1)2 = 25

and r + r = 10+ 15 = 25. This proves that the given circles touch each other externally.
34 34
CC' is the line containing diameter of both the circles. Slope of CC' = (14+1)/(17 + 3) = 3/4

As it passes through (-3, -1), its equation is y+1=(3/4)(x+3), i.e.,, 3x =4y + 5 = 0.

OR

If the circle x> + y2 + 2x + fy + k = 0 touches both the axes, find f and k.
Solution: Answer: f= +2, k = 1.

Equation of a circle touching both the axes will have centre (r, r) and radius r. Hence its

equation is (x * r)2 + (y £ r)2 = r2, i.e., x2 + y2 + 2rx £ 2ry + r = 0. Comparing this with

the given equation, x> +y* +2x+fy+k = 0, 2 = +2r, f=+2rand k = r> => f = +2, k = 1.
a b ¢

sinA sinB  sinC

43. Use vectors to prove that for a A ABC,

. e - - _  _
Solution : Suppose AB=c,BC=aandCA=b .. a+b+c=0
S.(axa) + (axb) + (axc)=0 But axa=0 and axc=-cxa
laxbl =1cxal .. absin(mw=-C)=acsin(m - B)
b c . a b . a b c
- = — . Similarly, — = — Je — = — = — .
sinB sinC sin A sinB sinA sinB sinC
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OR

Prove that the angle in a semicircle is a right angle by vector method.

Solution : Let AB be diameter of a circle with centre O. Let A = (a, 0) and B = (-a, 0).
Let C = (b, c). Radius of the circle, OA = OC => 0A? = 0c? => a% = b% + c2

— —>
Now, AC = (b, c) -(a,0) =(b=a, c) and BC = (b, c) - (=a, 0) = (b+a, c)

. b me = ) 2 2P, 1%
=> AC.BC =(b=-a, c).(b+a, c)=b" +c” =a =0=> AC L BC = mAACB=E. -Proved.

44. Find the measure of the angle between two lines, if their direction cosines (I, m, n)
. _ 2 2 2 _
satisfy I+m+n=0 and I + m" - n* = 0.

Solution: Answer: g

I+m+n=0 ... (1) and P+m?-n2=0 .. (2). Putting n = =(l+m) from eqn. (1) in
eqn. (2), P +m? -[-(1+m)]?=0=>Im=0=>1=0o0orm = 0.

(i) If 1 =0, then from eqn. (1), m = = n => direction cosines of the first line = (0, -n, n).
(ii) If m = 0, then from eqn. (1), | = -n => direction cosines of the 2nd line = (I, 0, =1).
=> angle between the two lines = cos™' R T

V2n2 | 212 2 3

45. Find the image of A(2, 3, 2) in the plane r .(1, =2,1) = =5.
Solution: Answer: (1, 5, 1)

Let M be the foot of perpendicular from A to the plane.

—> D
Normal AM has the direction (1,-2,1). => equation of AM is (2,3,2) + k(1,-2,1), k € R.
For some k, M must be (k+2, -2k+3, k+2).

As M is on the plane, (k+2) -2(=2k+3) + (k+2) = -5 => k = -% = M = [%, 4, %)
If the required image of A is (x’, y’ z’), then M being the mid — point of AB,
M= 2+x’3+y,2+z => 2+X =§, 3+y =4and2+_z=§=>x’=1’ y’=5, z’=1
2 2 2 2 2 2 2 2
=> the required image of A is B = (1, 5, 1)
OR

Find the foot of the perpendicular from (2, -1, 2) to 2x - 3y + 4z = 44, the equation of
this perpendicular and the perpendicular distance between the point and the plane.

SOLUTION: Answer: (4, -4, 6), r = (2,-1, 2) + k(2,-3, 4), keR.

the perpendicular distance = + 29.
Direction of normal to the plane is (2, - 3, 4).
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‘. equation of perpendicular from A(2,-1,2) to the plane is r=1(2-1,2) + k(2,-3,4), keR.

. the foot of the perpendicular must be (2 + 2k, -1 -3k, 2 +4k) for some k € R.
As this point is on the given plane, 2(2+2k) + 3(1+3k) +4(2+4k) = 44 => k = 1.
the foot of the perpendicular is M (4, -4, 6). As A is (2, -1, 2), the perpendicular

distance, AM = V4 + 9 + 16 =  29.

(1+mx)" - (1+nx)™

46. Obtain Iim , myn € N.
x—>0 x2
Solution: Answer : M

(1+mx)" = 1+"Cq (mx) + "Cz (mx)? + "C3 (mx)® + ... + "Cpp (mx)"

(1+nx)™ = 1+ MCq (nx) + ™C2 (nx)? + ™C3 (nx)® + ... + "Cn (nx)™

= (1+mx)" = (1+nx)"

[1+"Cq (mx)+"Cz (mx)? + "C3 (mx)* + ... + "Cpn (mx)"] - [1+™Cq (nx) + ™C2 (nx) + ™C3 (nx)® + ...
+MCm ()]

= x? [("sz2 + nC;:,m3x + ...+ nCnm"x"'z)-(mczn2 + mC3n3x + ...+ mCmnmxm'z) ]
=> (1+mx)" -2(1+nx)m = [("Cam?+"Cam®x+...+"Com"x""2)
X
-(m02n2+mC3n3x+...+ mCmnmxm'z)]
. (1+mx)" - (1+nx)™M mneN ="Com? - ™Cpn? = mn(n-1) - mn(m-1) _ mn(n-m)
x>0 x2 2 2

47. Find c, if Rolle’s theorem is applicable for f(x) = sin'x + cos4x, X € [0, g} .

Solution: Answer: ~.

Here, f is continuous on {0, g} and differentiable on (0, gj and f(0) = f (g) = 1.

Now, f‘(x) = 4 sin®x cosx - 4cos’x sinx = 4 sinx cosx(sinzx - coszx) =0=>cos2x =0

=>2x=_=>x_£ —EG O’E

4 4 2
48. Obtain j'°9(1+2t)dt.

o (1+t)

Solution: Answer: %(1+I092).
1 1log—
J‘Mdt =-IL2t)dt.Let 1 =y .. -L2=dy,y=1to 1
5 (1+t) o (1+t) 1+t (1+t) 2
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log——
= _[__1+t - - (9 - .
=> I(1+ )2 dt = Ilogydy = Iogyjdy f[dy(logy)j'dy}dy— ylogy-y
1
Putting the limits of y = 1 to 1, J‘Mdt = - (1+ log2).
2 (1+1)2 2

0

49. |If the line y = c, divides the area of the region bounded by the parabola X2 = 4y and
the line y = 16 in two equal areas, find the value of c.

10

Solution: Answer: 23

c 16 c 16 3 3
[xdy = [xdy = 2y dy = 2[ Jydy = [y2]§ = [y21{®
0 c 0 c

3 3 3 3 3 3 10

> ¢c2 = (16)2 - ¢c2 => 2¢c2 = (16)2 => 2¢c2 =64 =>c =23

50. Solve: dy =sin(x +y).
dx

Solution: Answer: tan(x+y) +sec(x+y) = x+c.

Letx+y=v=>1+ﬂ=£=>£-1=sinv=>d—v_=dx
dx dx dx 1+ sinv
=>j' dv. =jdx _ (1-smv2)dv=X+c=> (1-sm2v)dv=x+c
1+ sinv 1 - sin“v cos“v

= I(seczv + secvtanv)dv = x + ¢ => tanv + secv = x + ¢ => tan(x+y) +sec(x+y) = x+c.

| SECTION E |

o Answer the following 51 to 54 questions. Each question carries 5 marks. 20

51. Find the equation of the line passing through the origin and containing a line - segment
of length J10 between the lines 2x - y+1=0and 2x -y + 6 = 0.

Solution: Answer: 3x + y =0 or x - 3y = 0.

Let y = mx be the line passing through the origin. Solving it with the line 2x - y + 1 = 0,
2x =-mx +1=0=>x=1/(m=2)and y = m/(m - 2).

Similarly, solving it with the line 2x -y + 6 =0, x =6/(m = 2) and y = 6m/(m - 2).

Thus, [1/(m = 2), m/(m = 2)] and [6/(m = 2), 6m/(m - 2)] are the intersection points.

=> [6/(m=-2)-1/(m-2)]° +6m/(m=-2) - m/(m-271 = 10

=> (25+25m?) = 10 (m-2)° => 15m? + 40m - 15 =0 => 3m? + 8m - 3 = 0

=>m+3)(3m=1) =0 =>m = =3 or 1/3 => equations of required lines are

y==3xory= (13)x, i.e., 3x +y =0 or x - 3y = 0.
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OR

A (1, -2) is a vertex of A ABC. Equations of the perpendicular bisectors of AB and AC are
x =y +5=0and x + 2y = 0 respectively. Find the co-ordinates of B and C.

Solution: Answer: B = (-7, 6) and C = (%%]

Let B = (b, b’) and C = (c, ¢’).

Mid - point of A_B, M = (b;1, b2_2] lies on its bisector, x -y + 5§ = 0 => M - b'2-2 +
5=0=>b-b +13=0 ... (1).

( Slope of HB) x ( slope of its perpendicular bisector) = -1 => [24—21) x1=-1

=>b+b +1=0 .. (2). Solving equations (1) and (2) gives b = =7 and b’ = 6.
Mid - point of A_C, N = (CTH, c'2-2] lies on its bisector, x + 2y = 0 => i + ¢'-2 =0

=>c+2c’=3=0 .. (3).

( Slope of A_C) x ( slope of its perpendicular bisector) = -1 => [;H_ZJ X (-%) = -1
) - - . 11 , 2
=>2c-c’=4=0 .. (4). Solving equations (3) and (4) gives ¢ = 3 and ¢’ = 5
=>B =(=-7,6) and C = ﬂ,z
5 5
1 n
52. Prove that (1 + ;) is a bounded sequence (where n € N = {1}).

n
Solution : Let a, = (1 + 1]
n

(-]

Il
—
+
—
- 3
~
S|=
+
VTN
N S
N\ g
qv|a
+
+
/Y
5 3
=
:=|A

1414 n(n-1 i+ n(n-1)(n-2)i+m+ n(n-1)..1 1
2! 2 3! n3 n! n"
() (), Cealle)
n n n n n
=1+1+ + + et
2! 3! n!
=>ap>2forneN-=-{1}
Also, an <1+ 1+ i+i+...+i <1+1+ 1+i+...+ L
2! 3! n! 2 92 on-1
<1+1+1+l+...+ ..+ . ap <3 S.2<ap<3
2 22 2n-1

ap is a bounded sequence. - Proved.
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53. If y = x.log [

}, then prove that x> y2 = (xyq - y)2.

a + bx
Solution :
X X Y X Y a
y = x.log =>l=|og => eX = = e X = £ 1 p,
a + bx X a + bx a + bx X
Y S o . y
Differentiating with respect to x, - e X . # = => Xy1 -y =aeX
X X
=> log(xy1 =y) = loga + y. Differentiating w.r.t. x, ot y1 Y1 _X¥1 - Y
X Xy1 -y x2
= Y2 _X1°Y = x° y2 = (xyq - y)z. - Proved.
Xyq1 -y x2
x2 dx 2x + 3
54. Obtain [ =, OR Obtain j' X ax.
x* +1 Vx2 & x +1
1 x2 +1 - J2x

Solution: Answer: ( 5
X< +1 + ﬁx

]+C;

1) 1 tan~1 x? - 1 + log
2 2.2 J2ax  2J2

OR 2 x2+x+1+2Iog‘[x+%]+\/x2+x+1 + c.
1 1
1+ — 1-

2 2 2 2 2
2 ()| e [ e = ()| e [
x* +1 2 x* +1 x* +1 2 2. 1 2. 1

x2 x2
Letx-1=ufor the first integral andx+1=vfor the second integral
X X
=>(1+i2}dx=duand(1-iz]dx=dv=>lntegral=[1j[j 2du +I 2dv }
X X 2 u® + 2 ve - 2
(1 S tan'1i+ 1 Iogv-ﬁ + c
2)| 272 T V2 202 C|v+d2

1
X - — X +

1 1 X 4 log

: 1
tan — X
2J2 J2 22 7|,

+

NE
+c
2

1
x
1
x

1
+ log
J2x  2J2 x2 +1 +42x

1 _1x2-1 1 x2+1-\/3x]
+ C.

tan + log

)
J
I 1ﬁ]
J

x2+1+\/3x
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OR

J' 2x + 3 dx=J. 2x + 1 dx+2j'
\/x2+x+1 \/x2+x+1

i(x2+x+1)

X

- d
IVX2+X+1

dx
Vx2+x+1

dx

(57

=2\/x2+x+1 +2Iog‘(x+%]+xlx2+x+1

dx+2j'

+ C.




