Chapter 6

Techniques of Integration

6.1 Integration by formulae

There exist many books that contain extensive lists of integration, differen-
tiation and other mathematical formulae. For our purpose we will use the
list given below.

1. /af(u)du:a/f(u)du

2. / (ia fi(u)> du = i ( / o fi(u)du>
3. /u”du: ;‘Tl L0, n#-1

-

utdu = In |u| + C

+C,a>0,a#1

~

/ln|u]du:uln\u] —u+C
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. [ sin(au)du — —cos(au)
a
sin(auw)
9. cos(au)du = . +C
10. /tan(au)du = M +C
a
11. /cot(au)du = M L O
a
12. / sec(au)du = In | sec(au) + tan(au)|
a
13. /csc(au)du = In | csc(au) — cot(au)| s
a
h
14. /sinh(au)du = M +C
a
15. /cosh(au)du = sinh(au) +C
a
a
| inh
17. /coth(au)du — M O
a
2
18. /sech (au)du = — arctan(e®) + C
a
2
19. /cseh (au) du = - arctanh (e™) + C
20. . 9 gy sin(au) cos(au)
0 /sm (au)du 5 > O
21. /0052(au)du _u + sin(au) cos(au) L
2 2a
- /taHQ(GU)du _ tanlaw) L e
a
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cot(au)

23. /cot2(au)du = — —u+C
a
9 tan(au)
24. [ sec”(au)du = +C
a
t
25. /cscz(au)du =L (au) +C
a
inh(2
26. /SinhQ(au)du = —g + w +C
inh(2
27. /cosh2(au)du = g + W +C
h
28. /tanhg(au)du =u— tanh(au) +C
a
h
29. /COthQ(CLU)dU =u— coth(au) +C
a
h
30. /SeChQ(au)du _ tanhlaw) (au) +C
a
9 — coth(au)
31. [ csch?(au)du = — +C
sec(au)
32. [ sec(au)tan(au)du = " +C
csc(au)
33. [ csc(au) cot(au)du = — +C
h
34. /sech (au) tanh(au)du = —w +C
csch (au)
35. [ csch (au) coth(au)du = ——= + C
a
du 1 u
36. /a2 T2 a arctan (5) +C
du 1 u 1 a+u
37. /aQ—U? = arctanh (5) +C = % In p— +C
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38 = arcsinh (%) +C

/ du
du . (U
39. /\/ﬁ = arcsin <a> +C, |a| > |ul

40 = arccosh (E) +C, |u| > |a
a

/du
) Ve—a

d 1
41 /u\/ﬁ = a arcsec (g) +Ca |'LL| > |CI,|
d 1
42, /u\/ﬁ = . arcsech (g) +C, la| > |ul
du 1 u
43. | ——— — _~ arcesch (—) +C
/u\/m a @

u du
44. — =Vat+ur+C
Va? + u?

45./ u du =—Inva?—u?+C, |a|] > |ul

a? — u?

u du
46. | ——==Va2 +u2+C
Va2 + u?

u du
47, | ——= = Va2 —u*+C, |a| > |u

u du
48. | —==vVu2—a®2+C, |ul > |a
Vi@ =l

1
49. /arcsin(au)du = yarcsin(au) + — V1 —a?u? + C, |a||lu| < 1
a

1
50. /arccos(au)du = warccos(au) — — V1 —a?u? + C, |allu] <1
a
1 2 2
51. [ arctan(au)du = varctan(au) — % In(1+a“u)+C
1
52. /arccot (au)du = uarccot (au) + % In(1 + a*u®) + C
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1
53. /arcsec (au)du = uarcsec (au) — — In ‘au + Vatu? — 1‘ +C, au>1
a

1
54. /arccsc (au)du = uarcesc (au) + — In ’au + Vatu? — 1‘ +C, au>1
a

1
55. /arcsinh (au)du = warcsinh (au) — — V14 a?u? + C
a
1
56. /arccosh (au)du = uarccosh (au) — oV —1+a?u?®+C, |a||u] > 1
1
57. /arctanh (au)du = uarctanh (au) + % In(—1+ a*u?®) + C, |a|ju| # 1
1
58. /arccoth (au)du = warccoth (au) + % In(—1+ a*u?) + O, |allu] # 1
a
59. /arcsech (au)du = uarcsech (au) + — arcsin(au) + C, |a||lu| <1
a
1
60. /arccsch (au)du = uarccsch (au) + . In jau + Va*u? + 1|+ C
“[gsin(bu) — bcos(b
61. /e““ sin(bu)du = e™lasin(bu) — beos(bu)] +C
a? + b?
au b bsin(b
62. /e““ cos(bu)du = ¢"lacos(bu) + bsin(bu)] +C
a? + b2
cn -1 con—1 n—1 s n—2
63. [ sin"(u)du = — [sin" " (u)cos(u)] + sin”™*(u)du
n n
1 -1 . n— 1 -2
64. [ cos™(u)du = — [cos" " (u)sin(u)] + cos" " *(u)du
n n
t n—1
65. /tan"(u)du = tan" (u) _ /tan”Z(u)du
n—1
tn—l
66. /cot”(u)du = oot u) /Cot"_Q(u)du
n—1
67 /sec”(u)du _ [sec™?(u) tan(u)] + o2 /Sec”Q(u)du
' n—1 n—1
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68. / esc™ (u)du = n__l - [ose 2 (u) cot(w)] + Z — f / ese™ 2 (w)du

69. / sin(mau)sin(nu)du = S“;[(ﬂ”;” - :;‘))“] - Sir;[((:i?f))“] +C, m? £ n?
70. / cos(mu) cos(nu)du — S““Q[E:Z - Z;“] + Sil;[((gig))“] +C, m? £
71. / sin(mu) cos(nu)du = COZ[((:;__Z))U] - COZ[((ZiZ;“] +C, m? £ n?

Exercises 6.1

1. Define the statement that g(z) is an antiderivative of f(x) on the closed
interval |a, b]

2. Prove that if g(x) and h(x) are any two antiderivatives of f(x) on [a,b],
then there exists some constant C' such that g(z) = In(z) + C for all
on [a,b].

In problems 3-30, evaluate each of the indefinite integrals.

3. /:z:5dx 4. /i3 dx 5. /m3/5dx
T

2
6. /3x2/3d:v 7. /ﬁ dz 8. /tW% dt
9. /(t‘1/2+t3/2) dt 10. /(1+x2)2dx 11. /t2(1+t)2dt
1
12. /(1 +t3)(1 —t*)dt 13. / (m +sint) dt  14. /(2sint+3008t)dt
15. /3SGC2t dt 16. /2680295 dz 17. /4secttant dt

18. /ZCsctcott dt 19. /sect(sect+tant)dt
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20. /Csct(csct—cott)dt 21. /sm;c dx
cos? x
.3 3
t—3 t+2
22. / L 23. / e 24, / COSTTEZ
sin® x sin” ¢ cos?t
25. /tan% dt 26. /cotgt dt 27. /(2 sec’t + 1)dt

28. /% dt 29. /sinht dt 30. /cosht dt

31. Determine f(x) if f'(x) = cosx and f(0) = 2.
32. Determine f(z) if f”(x) =sinz and f(0) =1, f(0) = 2.
33. Determine f(z) if f”(z) = sinhz and f(0) =2, f(0) = —3.

34. Prove each of the integration formulas 1-77.

6.2 Integration by Substitution

Theorem 6.2.1 Let f(x),g(x), f(g(z)) and ¢'(x) be continuous on an in-
terval [a,b]. Suppose that F'(u) = f(u) where u = g(x). Then

ap/ﬂmmWWMx=/EWMu=F@u»+c

()

ﬁw/fmmmmm=/ f(w)du = F(g(b)) — Flg(a).

u=g(u)

Proof. See the proof of Theorem 5.3.1.

Exercises 6.2 In problems 1-39, evaluate the integral by making the given
substitution.
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L. /33:(962 + )%z, u=2"+1

cos(V/t) B
3. / 7 dt, = =/t

2€arcsin T

. ﬁdx,u

— arcsin &

5
7. /x 4$2d$, u = 4"

4arctan:p ;
__ jarctanx
9. / 2 de, u=4

5arcsec T

1. [ 22— dg,
zvr? -1

U = arcsecx

13. /(cot 37)° csc? 3w dw, u = cot 3w

5

15. /cos rsinx dr, u = cosx
17. /sin3x dx, u=coszx
19. /tan3 x dr, u=tanx
21. /sec4x dr, u=tanzx
23. /sin3 zrcos’z dr, u=sinx
25. /tan4x dxr, u=tanx

2. /xsin(l + 2t dr, u=1+2?

3x? 3
[t e v

3 6<':l.I'CCOS x

6. —— dx
i

8. /1051n“cosx dr, u=sinz

1 1 10
10. /ﬂdx, u=1+Inz

T

12. /(tan 21)% sec? 22 dx, u = tan 2z
14. /sin21x008$ dr, u=sinx

16. /(1 +sinz)cosz dr, u=1+sinx

18. /cos?’x dr, u=sinz
20. /cot?’x dx, u=cotzx
22. /csc4a: dr, uw=cotx
24. /sin3 zcos’z dr, u = cosx
in(l
26. /wdm‘, u=Inx
x
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In(1 + 22
27. /“OS( BT G = n(1 4 2)? 28,

1+ 22

29. /cot3xcsc4x dx, uw=cscx

dx
31. ————=, 1 = 3cost
/m
dx
33. ———,x = 3cosht
/m
dx
35. /4 x2,x—2tanht

37. /4(351“(?“) cos(3x)dx, u = sin3x

39. /3 e 2% goc? ¢ dx, u = tan 2z

Evaluate the following definite integrals.

1
41, /(x+1)30dx
0

w/4
43. / tan® z sec® x dx
0

45. /2(:c +1)(z — 2)"dx

47. / sm 3x
0

49. / sin® 2z cos 2z dx
0

arctanm
o1.
/ 1+a2 du

30.

32.

34.

36.

38.

40.

42.

44.

46.

48.

50.

52.

275

/tan3 rsect z dr, u=secx

/

du 2sint
r = 2sin

Va4 — 22’

dr 2 sinh ¢
————— 1 =2sin
N

d

T m—Qtant

(=
/ dx
a2 — 4

[«

T = 2sect

3("”2+4)dx, u = 3+

/x\/x—l—de, u=ux+2

r
I
2
I
I

I

[en]

[e=]

x4 — %)Y 2dx

(x +13dx

(1+2) 1200

cos 2x

cos? 3z sin 3z dzx

arcsm x

V1—a?

dx
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3 parcsecx 1 dx
53. /2 7$ = dz 54. /0 T
6.3 Integration by Parts

Theorem 6.3.1 Let f(x), g(x), f'(z) and ¢'(x) be continuous on an interval
[a,b]. Then

@) [ 1@ @i = fa)gta) - [ go)f (@

b b
(ii) / F(@)g (2)dx = (F(D)g(b) — Fa)g(a)) — / 9(0) ' (@)dz

(111) /udv:uv—/vdu

where u = f(x) and dv = ¢'(x)dz are the parts of the integrand.
Proof. See the proof of Theorem 5.4.1.

Exercises 6.3 Evaluate each of the following integrals.

rsinx dx 2. /xcosx dx
zlnz dz 4. /x e® dx
z 4% dx 6. /;1:2111:6 dx

x?sinx dr 8. /xQ cosz dx

— S S S —

r2e® dx 10. /x2 10* dz
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11. /ex sinx dr (Let u = e” twice and solve.)

2% cos(2x)dx
2% In(22)dx
xesc? x dr
x? coshx dx
sin(ln z)dx
xrarcsinx dx
xrarctanx dx

arcsin x dx

arctan z dz

12. /ez cosx dr (Let u = €” twice and solve.)
13. / e* sin 3z dr (Let u = €* twice and solve.)
14. /msin(&r)da: 15. /
16. /x264’”dx 17. /
18. /x sec’ r dx 19. /
20. /xsinh(4:c)d:c 21. /
22. /wcos(5x)dx 23. /
24. /cos(lnx)d:v 25. /
26. /az arccos x dx 27. /
28. /x arcsec r dx 29. /
30. /arccosx dz 31. /

32. / arcsecz dx

Verify the following integration formulas:

277
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ran—1 -1
33. [ sin"(ax)dx = _sin™” (az) cos(az) + 2 /(sin”2 ax)dx
na n
n 1 n—1 . n—1 n—2
34. [ cos"(ax)dr = — cos" " (ax)sin(az) + (cos"™“ ax)dx
na n

35. /x”exdx:x"ex—n/xnlexdx
36. /:U”sina: dr = —x"cosx—i—n/x"‘lcosw dx
37. /x"cosx dx:x”sinx—n/a:”_lsinx dx
38/”'(b)d L lasin(be) — beos(br)] + C
. in = — in —
e sin(bx)dx a2+b26 asin(bx cos(bx
1
39. /e‘” cos(br) dx = pEE e lacos(bzr) + bsin(bz)] + C
40 /x"lnxdx: ! " ng — ! "+ O, n#£ -1, >0
' n+1 (n+1)2 ’ ’
41. /sec”x dr = sec” 2 rtanz 4+ — /sec”_2x dr, n#1, n>0
n— n—1
n —1 n—2 n—2 n—2
42. [ csc"x dx = 1 csc" “xrcotw + csc" “xdr, n#1,n>0
n— n—

Use the formulas 33-42 to evaluate the following integrals:

43. /sin4x dx 44. /003595 dx

45. e dx 46. rtsinz dx

3

z°cosz dx 2z

47. e“* sin 3z dx

49. e3* cos 2z dx 50. 2 Inx dr

— — —
%
— — —
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51. /sec?’x dx 52. /CSCSZE dx

Prove each of the following formulas:

1
53. /tan”x dr = ] tan" o — /tan”QJU dr, n#1

n —

54. /Cot"x dr = - i 1 cot" tx — /Cot"_Qx dr, n #1
55. /sin%“ rdr=— /(1 —u?)"du, u = cosx

56. /C052"+1 rdr=— /(1 —u*)"du, u = sinx

57. /sinQnH r cos™x dr = — /(1 —u?)"u"du, u = cosx
58. /COS2n+1 x sin™x dx = /(1 —u?)"u"du, u=sinz

59. /sin271 r cos™ x dr = /(sin 7)*"(1 — sin® 2)"dx

60. /tan”x sec”™ x dr = /u”(l +u?)" du, u=tanz
61. /Cot”x csc?™ g dr = — /u"(l +u?)™ 'du, u = cotx
62. /taunQ”+1 x sec™x dr = /(u2 —1)"u™ 'du, u = secx
63. /(:01:2’“rl x csc"x dr = — /(u2 — )" 'du, u = cscx

1 _
64. /Sin mx cosnr dr = —= {Cos(m +n)z + cos(m — n)z +C; m? #n?
2 m-+n m-—n
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65. /Sinm:z; sinnz dr = ! {sm(m —n)z _ sin(m + n)x

5 }—FC’; mzyén2

m—n m-—+n

1

66. /COS max cosnx dr = 5 {sm(m —n)s + sin(m + n)x

}—FC; m27én2
m-—n m-+n

6.4 Trigonometric Integrals

The trigonometric integrals are of two types. The integrand of the first
type consists of a product of powers of trigonometric functions of z. The
integrand of the second type consists of sin(nx) cos(mz), sin(nx) sin(maz) or
cos(nz) cos(mx). By expressing all trigonometric functions in terms of sine
and cosine, many trigonometric integrals can be computed by using the fol-
lowing theorem.

Theorem 6.4.1 Suppose that m and n are integers, positive, negative, or
zero. Then the following reduction formulas are valid:

-1 —1
1. /sin"m dr = — sin" 'z cosz + (n—1) /sin"zx dr, n >0
n n

1 n
2. /sin”_2 r dr = sin" !z cosx + /sin”:z dr, n <0
n—1 n—1

3. /(sinaz:)1 dr = /csca: dr = In| cscz—cot z|4+c or —In | csc x+cot x|+c

1 ) n—1
4. /cosnx dr = = cos" 'zsinz + /005"21’ dr, n >0
n n

-1
5. /cos”_Qx dr = ] cos" ' rsinx + n ] /cos”x dr, n <0

n — n —

6. /(cosx)_l dx:/seca: dr =1In|secz + tanz| + ¢

7. /sinnx cos®™ Mz dr = [sin" (1 — sin® 2)™ cos x dx

= [u"(1 —u?)"du, uw=sinz, du=cosz dx
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8. /sin2"+1x cos™x dr = fcosm.r(l —cos?x)"sinz dx
=— [u™( du, w = cosx, du = —sinz dz
9. /sm zcos z dr = [(1 — cos?z)" cos®™ x dx
= [(1 —sin®*z)" sin® z dz
1 _
10. /sm cos(mx)dx = — [cos(m ) + cos(m n)x] +c, m* #n?
2 m—n m—n
1 Ts _ :
/sm ma) sin(mz) de = = {sm(m njz _ sin(m + n)x] + ¢, m* #n?
2 m—n m+n
1 Tsi B :
12. /cos(mx) cos(mx) dr = = {sm(m njz  sin(m+ n)x] + ¢, m* # n?
2 m-—n m+n

Corollary. The following integration formulas are valid:

t n—1
13. /tan"u du = tal Y —/tan"2ud
n—1

1 -2
14. /sec”u du = 7 sec" 2z tanx + n ] /Sec"_2 x dx

n — n —
—1 -2

15. /csc"u du = csc 2 xcotx + n /CSCn_QZE dx
n—1 n—1

Exercises 6.4 Evaluate each of the following integrals.

1. /sin5 T dx 2. /cos4x dx
3. /tan5x dx 4. /cot4:c dz
5. /sec5 T dx 6. /0504 T dx
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—

sin® x cos* z dx 8. / sin® x cos®  dx

9. / sin® z cos® x dx 10. / sin® z cos' z dx
11. / tan® x sec* z dx 12. / cot® zcsct . dw
13. /tan4 rsec’ x dv 14. / cot* zcsc® x dx
15. / tan® xsec* z dx 16. / cot' z esct x dx
17. /tan3 rsec® x dr 18. / cot® xcsc® v dx
19. / sin 2x cos 3 dx 20. / sin4x cos 4z dx
21. / sin 3x cos 3x dx 22. / sin 2x sin 3x dx
23. / sin 4z sin 6x dx 24. / sin 3z sin bx dx
25. / cos 3x cos 5 dx 26. / cos 2x cos4dx dx
27. / cos 3z cos 4z dx 28. / sin4z cos 4z dx

6.5 Trigonometric Substitutions

Theorem 6.5.1 (a? — u? Forms). Suppose that w = asint, a > 0. Then
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du = acostdt, a® —u® = a®cos®t, Va®> —u? = acost, t = arcsin(u/a),
PR—)

int=—, cost =" tant “
sint = —, cost = —, tant = ———
CL’ a ) /7a2_u27
a2 — u2
cott = —, sect = , csct —
U a? — u? U

graph

The following integration formulas are valid:

udu 1 9 o
]_. /m:—§ ln|a —U|+C
d 1 — 1
2. /Lz—lna u—i—c:—arctanh(E)—i-c
a?—u?  2a a-+u a a
udu
3. ——— = Va2 —ul+ec
/\/&2—u2
4 / du . <u> n
) ———— = arcsin | — c
Va2 —u? a
. / du | a a? — u? n
) ——=-Iln|—-— —| +¢
uaz —u? a U U
a? C/u 1
6. va? —u? du:? arcsm<—>+§U\/a2—u2+c
a

Proof. The proof of this theorem is left as an exercise.
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Theorem 6.5.2 (a® + u? Forms). Suppose that u = atant, a > 0. Then

u
du = asec’ tdt,a* + u® = a®sec’t, Va? + u? = asect,t = arctan (

U
sint = ——— -
va? 4+ u? a
va? + u? va?+ u? a

"

csct = , sect = —, cott =
a

u

graph

Proof. The proof of this theorem is left as an exercise.

The following integration formulas are valid:

udu 1 9 9
1. /m:§ln|a +U‘+C
/ du 1 U
2. ——— = — arctan <—>+c
a?+u?  a a
udu
3. ——=Va*t+ut+c
/\/a2+u2
du
4. 7:1n‘u+\/a2—|—u2‘+c
/\/a2+u2
du 1 Vaz+u?z  a
5. _— = In|——— — —| +c¢
uva?+u? a U
1 2
6. /\/a2+u2 du:§U\/a2+u2+% ln‘u+\/a2+u2 +c

Theorem 6.5.3 (u? — a® Forms) Suppose that u = asect, a > 0. Then

du = asecttant dt, u® —a®> = a*tan’t, Vu? — a? = atant,t = arcsec <

) u? — a? a u? — a?
sint = ——, cost = —, tant = ———,
U a
U U a
csClt = ———, sect = —, cott =
ViZ — a2 a W2 — a2

u

a

)
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graph

Proof. The proof of this theorem is left as an exercise.

The following integration formulas are valid:

udu 1 5 9
]_. /mZEh’llU —a‘—i—c
du 1 uU—a
2. — =1
/u2—a2 2a t u+a te
udu
3. ———=Vur—a’+c
/\/uz—a2
4. /diuzln‘u—i-\/u?—a2 +c
ViZ — a2
5 / du 1 <u>+
) ——— = — arcsec | — c
uwu? —a?2 a a
1 2
6. /\/uQ—anu:iuvuZ—&z—%ln‘u+\/u2—a2 +c

Exercises 6.5 Prove each of the following formulas:

d 1
1. /&:—§ In|a® — u?| + C

a2 — u?

du 1
2. ——=—11
/a2—u2 2a .

d
%:—w/aQ—UQ—i—C
vVas —u

du LU
4. /ﬁ:ar081n<g>+0,a>0
a va®—u?

a—Uu

+C

a—+u

Bl

+C

— In

/ du B
) we—e a

u u



286 CHAPTER 6. TECHNIQUES OF INTEGRATION

2

6. /\/(12 —u? du = % arcsin (E)
a

u du 1 5 o

d 1
8. /7142_ arctan <E) +C
a2+ u?  a a

u du
9. —=Va2+ 2+ C
Va2 + u?

du
10. 7zln‘u+\/a2+u2‘
/\/a2—|—u2
1 |Va +u?
11 — In|l—

u

du
. /ux/a2+u2 Ca

1
—l—iu\/a?—u?—l—C, a>0

+C

a

+C

1 2
12. /\/a2+u2 du:§uva2+u2+% ln‘u+\/a2+u2 +C

13. /ﬂ:% ln}uQ—a2|+C

u? — a2

du 1
14, | ——=—1
/uQ—a2 2a .

u du
15. —— =Vuz—a2+C
VUZ — a2

u—a

+C

u-+a

+C

du
16. 7:1n’u+\/u2—a2
/\/u2—a2
du 1 U
17. /m = a arcsec (a) + C

1
18. /\/u2 —a?2 du= 3 uvVu? —a? —

2
% ln‘u—l—\/u2—a2 +C

Evaluate each of the following integrals:



6.5. TRIGONOMETRIC SUBSTITUTIONS

19 z dx 50 / dx
' VL ' AV
dx x dx
. 23.
22 / pp— 3 / 95 22
25. v d 2. / dr
V9 + 22 V9 + 22
dx x dx
28. _ 29. _—
/$2—16 Va2 —16
31, / e 39, / _dr
1?2 —4 xv/9 — 12
34. /\/9 — 22 dx 35. /\/4 — 9x2
x? x?
37. dx 38. — dx
/\/4—1-:52 /\/x2—16
dx dx
40. —_— 41. _
/ (9 — x2)? / (x2 —16)?
/1 3 o
43. / T A4, / T da
x x
T L g [T
224 — 22 2212 — 4

dx dx
49. _— 50. _—
/91:2—4x+12 /\/4x—x2

52.

/ dz 53 / dz
dx — a2 Vat -2z +5

x dx x
99. —_— 56. —d
Vit =2 +5 /:172+4a:—|—13 !

21.

24.

27.

30

33

36

39.

42.

45

48.

51

o4.

a7.
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/xdx
4 — g2
/ dx
9+ 22
/ T dx
22 — 16

/ dx
‘ Va2 — 16

/ dx
' zvz? + 16

22
. / dx
v1—22

/ dx

(4 + 22)3/2
dx

' 22?2+ 4

/ dx
2 —2x+5
/ dx
' V2 — 4z + 12
/ T dx
2 —4x — 12

/(5 — 4z — 22V 2dg
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20+ 7 z+ 3 / dx
58. —— dz 59. — dxz 60. _—
/$2+4+13 Va2 42z +5 VAz? —1
r+4 T+ 2 / e*dx
61. — dx 62. —dx 63.
V922 + 16 V16 — 922 (5 — €27 + etr)1/2

64 / e3dx
' (€87 + 4e3@ 4 3)1/2

6.6 Integration by Partial Fractions

A polynomial with real coefficients can be factored into a product of powers
of linear and quadratic factors. This fact can be used to integrate rational
functions of the form P(x)/Q(x) where P(z) and Q(x) are polynomials that
have no factors in common. If the degree of P(x) is greater than or equal to
the degree of Q(x), then by long division we can express the rational function

by

P(x) r(z)

Q(z) Q(x)
where ¢(x) is the quotient and r(z) is the remainder whose degree is less than
the degree of Q(z). Then Q(x) is factored as a product of powers of linear

and quadratic factors. Finally r(z)/Q(x) is split into a sum of fractions of
the form

= q(x) +

A A A,
ar+b  (ax +b)? (ax + b)»
and
Bix + ¢ n Box + ¢o B,,x + ¢,
ar? +br+c  (ax? + bxc)? (ax? + bz + )™’

Many calculators and computer algebra systems, such as Maple or Mathe-
matica, are able to factor polynomials and split rational functions into partial
fractions. Omnce the partial fraction split up is made, the problem of inte-
grating a rational function is reduced to integration by substitution using
linear or trigonometric substitutions. It is best to study some examples and
do some simple problems by hand.

Exercises 6.6 Evaluate each of the following integrals:
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dx
L /(z—l)(m—Z)(w—l—él)
dx
) ==
dx
g /(932+1)(:v2+4)
2x dx
/x2—5x+6
r+1
/(93+2)(x2+4) d
2 dx
1L /($2+4)(x2+9)

2% dx
13- / (22 +4)(22+9)

~

2 /(:c—4)d(gio+m)
o ke=ri=r
. | e

z dx
5. /(x+3)(:1:~|—4)

(x +2)dx
10- /(x+3)(:p2+1)

dx
12. /(3:2 0@ 9)

x dx
14. / (2 — 1) (2 — 9)

dx x dx
15. 16.
g /x4—16 0 /:U4—81

6.7 Fractional Power Substitutions

If the integrand contains one or more fractional powers of the form z%/",
then the substitution, x = u", where n is the least common multiple of the
denominators of the fractional exponents, may be helpful in computing the
integral. It is best to look at some examples and work some problems by
hand.

Exercises 6.7 Evaluate each of the following integrals using the given sub-
stitution.

A3/ 6 dx 3
[ T dos e = 2 [y e
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/ dx 2 _ 14 / dx 2 3.3
Ut = e U=
V14 e rvx3 -8
Evaluate each of the following by using an appropriate substitution:
5 x dz 5
VARV ES) ) Vr+d
/ x dz
1+ x
2/3
0. / e
8 4 /2
dz
12.
/ x84+ 1 e / 1+
1
/ v de 14. / VT
14 22%/3 2+
1—x 14+ Vx

6.8 Tangent x/2 Substitution

If the integrand contains an expression of the form (a+bsinz) or (a+bcosx),
then the following theorem may be helpful in evaluating the integral.

Theorem 6.8.1 Suppose that u = tan(z/2). Then

2 1 —u? 2
sinx:ﬁuuw Cosx:TZz and dx:mdu.
Furthermore,
/ dx B / (2/(1 + u?))du _/ 2du
a+bsinz a—l—b(HuQ) ) a(l +u?) + 2bu

| orhei=/ (i/ib(l‘zz) - | sy

14+u2
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Proof. The proof of this theorem is left as an exercise.

Exercises 6.8
1. Prove Theorem 6.8.1

Evaluate the following integrals:

d
2. /796 3. /
2+sinx sinx + cosx
S e . |
sinx — cosx 2smx—|—3cosx
= k=
2 —sinx 3+ cosx
8/ 0. / sinx dx
3 —coszx sinx 4+ cosx
10. / cosz dx 1 /1+Slnl‘dl’
Sinx — cosx 1—sinzx
1— 2 —
19 / Ccos T Jr 13 / cos
1+cosx 2+cos:1:
14 /2+cos;1: 15 /2—sm:z:
2 —sinz 3+ cosx
16/
1+smx+cosa:’

6.9 Numerical Integration

Not all integrals can be computed in the closed form in terms of the elemen-
tary functions. It becomes necessary to use approximation methods. Some
of the simplest numerical methods of integration are stated in the next few
theorems.
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Theorem 6.9.1 (Midpoint Rule) If f, f' and f" are continuous on [a,b],
then there exists some ¢ such that a < ¢ < b and

/abf(x)dx: (b—a)f (“;b) + f;gf) (b—a)’.

Proof. The proof of this theorem is omitted.

Theorem 6.9.2 (Trapezoidal Rule) If f, f and " are continuous on [a,b],
then there exists some c such that a < c < b and

b "(e
[t =00 |5 @+ sop] - L5 0 - ap

Proof. The proof of this theorem is omitted.

Theorem 6.9.3 (Simpson’s Rule) If f, f', f", f® and % are continuous
on |a, b, then there exists some ¢ such that a < ¢ < b and

[ r@ar =22 (s ar (50) + 5] - L2 -

These basic numerical formulas can be applied on each subinterval [z;, x;11]
of a partition P = {a = xy < 21 < --- < x, = b} of the interval [a, b
to get composite numerical methods. We assume that h = (b —a)/n, z; =
a+th, 1 =0,1,2,---.n

Proof. The proof of this theorem is omitted.

Theorem 6.9.4 (Composite Trapezoidal Rule) If f, f' and " are continu-
ous on |a,b], then there exists some ¢ such that a < ¢ < b and

/f

Proof. The proof of this theorem is omitted.

b—a
12

+2foz + fb)| - R2f"(c).

Theorem 6.9.5 (Composite Simpson’s Rule) If f, f', f”, f(3) and f* are
continuous on [a,b], then there exists some ¢ such that a < ¢ < b and

n/2—1 n/2

b
/Qf(:c)d:c—% a)+ 2 Z f(z2) —|—4Zf Toi1) + f(b) | — 180 4f(4)< ).

where n s an even natural number.
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Proof. The proof of this theorem is omitted.

Remark 22 In practice, the composite Trapezoidal and Simpson’s rules can
be applied when the value of the function is known at the subdivision points
ri,1=0,1,2,--- n.

Exercises 6.9 Approximate the value of each of the following integrals for
a given value of n and using

(a) Left-hand end point approximation: Z flzim) (2 — xiq)
i=1
(b) Right-hand end point approximation: Z flz)(x; — xi1)
i=1
: : o - Ti—1 + T

(c) Mid point approximation: Z f (4) (r; —xiq)
i=1 2

Composite Trapezoidal Rule

Composite Simpson’s Rule

/N TN
e

1 !
—dzx, n=10 : — dx, n=10
x 5 VT

21
/ dx, n =10
1 1+(132

2
. / 23 dx, n =10
1+ 0

1
/ (14 22)Y2dz, n =10
0

=
N
do
[\)

w
c\
—_
=
B
U
RS
3
I
—_
]
i~

ot
C\H
—_
_|_
D
QL
“&
3
I
—_
(e}
(@)

2
(2% — 2z) dx, n =10

%

S—

1 1
(1+2*)Y2dz, n =10 10. / (1+ 2M)Y2dz, n =10
0

S—



